Over the past half-century, the increasing use of computational tools for mathematical modelling and simulation was responsible for significant advances in the area of Multibody System Dynamics. However, there is still a high dependence on the use of proprietary software in this area. Noticing that most of the complex multibody systems share many components and subsystems, this paper aims to propose a modular modelling methodology in which the starting points are some already known mathematical models of subsystems and the corresponding descriptions of the constraints existing among them. The proposed algorithm is based on the computation of some orthogonal complements of Jacobian matrices, derived from the constraint equations among the subsystems, leading to a minimal system of equations without requiring the use of undetermined multipliers or generalized constraint forces. Such an algorithm can be implemented using general-purpose (eventually open source) software packages or programming languages. Another remarkable advantage of this methodology stems from the fact that even when different (Classical or Analytical Mechanics) formalisms have been used in the modelling of subsystems, it is still possible to use the proposed algorithm. Well-known examples and a rederivation of the Whipple bicycle model are used to illustrate applications of this novel methodology. including situations in which these constraint forces do work and singular generalized inertia matrices are present [36] [37] [38] . This formalism also has an important contribution to modular modelling, once it can be used to the dynamic coupling of the mathematical equations of subsystems, given a description of the kinematic constraints among them, without requiring any extra mathematical device than the use of pseudo-inverse matrices based on these descriptions. Also, it is not required for the models of subsystems to be obtained from the same modelling formalism, nor there are any limitations on the choice of modelling variables. The shortcomings of this formulation are the difficulty in understanding physically the expressions of the pseudoinverse matrices (i.e. it is a purely mathematical device) and the impossibility of making recursive couplings of the models of subsystems (i.e. all them shall be coupled simultaneously).
Understanding the contributions of each of the analytical mechanics formalisms that already exist for applications to Multibody System Dynamics, this paper proposes to present a unifying modelling methodology in which models of subsystems shall come from different formulations, using different types of variables, and it will still be possible to obtain a mathematical model for the complete system satisfying all the existing kinematic constraints. Basically, the procedure for modelling a multibody subsystem, based on any formalism, is illustrated in the flowchart of figure 1. It is worth noting that the choice of variables plays a fundamental role in the modelling process, once it must take into consideration the subsystem topology, the description of the corresponding constraints and its usefulness to kinematic analysis as well as to the description inertia forces and constitutive equations (which relate the action of external forces to the state of the subsystem). Thus, the possibility of using not only generalized coordinates, but also of quasi-velocities and higher order generalized variables (that shall be useful when some nonmaterial non-holonomic constraints emerging from control strategies are present [21, [39] [40] [41] ) in the modelling is fundamental to simplify the modelling process. Section 2 presents some general results on the use of generalized variables to describe motions and constraints on multibody systems using a modular approach.
Section 3 presents formally the modular dynamic modelling methodology, illustrated in the flowchart of figure 2, which is the main contribution of this work. By this methodology, having the models of the subsystems (which include variables, parameters, internal constraint equations and dynamic equations) and describing, in terms of the variables and parameters already available, the constraints among the subsystems, it is possible to obtain, by a simple matrix algorithm, the Figure 2 . Synthesis of a modular algorithm for the dynamic modelling of multibody mechanical systems based on subsystem models and constraint equations among subsystems.
dynamic equations of the whole system (without the need of using undetermined multipliers or constraint forces). Finally, in §4 the conclusions are drawn. Within the sections of this paper, two classic examples are discussed: the modelling of a planar 4-bar mechanism and of a flat knife-edge disc rolling without slipping in a plane. The purpose of these examples is didactic: they not only illustrate the application of the proposed methodology (for a holonomic and a non-holonomic system) but also enable the reader to compare the derivations with the corresponding examples presented in several Multibody System Dynamics textbooks. To illustrate the potential of applications of the methodology, however, a more comprehensive case study is required. The interested reader can find it in the electronic supplementary material, Appendix S1, where the modular modelling approach is used to rederive the benchmark Whipple bicycle model by Meijaard et al. [42] . The electronic supplementary material also includes a complete version of the list of symbols used in this paper and a proof of lemma 2.1 (shown in the electronic supplementary material, Appendix S2).
Descriptions of motions and kinematic constraints (a) Description of configurations, motions and constraints
Let M be a multibody system (table 1) constituted by a finite number ν S of multibody subsystems generically denoted by S n . Suppose that for each subsystem S n it is possible to choose a finite number of points such that, describing the positions of each of them is enough to uniquely determine any possible configuration of this subsystem.
The description of the positions of a point is typically done by specifying their (Cartesian, homogeneous, cylindrical, spherical, etc.) coordinates in some particular coordinate system. From this point on, such coordinates will be generically referred as spatial coordinates. Consider that for each subsystem S n a coordinate system C n is defined. Let p n be the column-matrix constituted by the spatial coordinates all the chosen points of S n in C n .
The most general way of describing configurations in a multibody system is by defining generalized coordinates. Basically, generalized coordinates represent a set of arbitrary variables which are enough to parametrize all the spatial coordinates of a multibody system (or subsystem), enabling descriptions of any possible configuration by an adequate selection of their numerical values. Let q 0 n denote a column-matrix whose entries are the generalized coordinates adopted in the modelling of S n . It can be stated that, there must be functionsp n defining the following parametrizations for the spatial coordinates p n :
Basically, the description of any motion of subsystem S n with respect to a coordinate system C n is made by time histories of spatial coordinates, p n (t), defined in some time interval [t 1 A multibody mechanical system will be conceived as a set whose elements are material bodies, joints, actuators, energy storage, dissipation and transformation elements and a mathematical model (which includes physical parameters, model variables and constitutive, constraint and dynamic equations).
to specify the time histories of the generalized coordinates q such that 0 ≤ α ≤ β. It can be stated that, due to (internal) kinematic constraints in subsystem S n , it may be necessary to define some invariants (constituting a column-matrixk
Denote by q α|0 the block-column-matrix constituted by the q α|0 n and by q β|0 the blockcolumn-matrix constituted by the q β|0 n , from all subsystems S n of M . Owing to kinematic constraints among these subsystems S n , it may be necessary to define some invariants (constituting a column-matrixk β ):k
Particularly, multibody systems with constraints that cannot be described by invariants are out of the scope of this text.
Concerning constraint equations like (2.2) and (2.3), it is worth noticing that if the replacement of q β|0 n or q β|0 by dq β−1|0 n or dq β−1|0 , respectively, makes some of the invariants of
exact differentials, then the corresponding constraints can be represented by the following integral forms of the original equations: In particular, when a constraint can be represented by equations of the formk
Another case of particular interest are the simple non-holonomic constraints [27] that are represented by equations of the formk 1 n (t, q 0 n ; q 1|0 n ) = 0 ork 1 (t, q 0 ; q 1|0 ) = 0, which are affine with respect to q 1|0 n or q 1|0 , respectively, but do not correspond to exact differential forms. If all the constraints in system M are holonomic, then it is called a holonomic mechanical system. If the constraints in system M are either holonomic or simple non-holonomic (existing at least one simple non-holonomic constraint), then it is called a simple non-holonomic mechanical system. However, it is sometimes convenient to use other generalized variables as parameters instead of time derivatives of the generalized coordinates. Let q α n and q α denote column-matrices of generalized variables defined to replace q α|0 n and q α|0 , respectively, in the parametrizations adopted. Denote by q β n and q β , the block-column-matrices constituted by all the q α n and q α , respectively, such that 0 ≤ α ≤ β. Define the column-matrices q β|α n and q β|α , β ≥ α, respectively by 2 
The following lemma states an important result concerning these invariants. 
Lemma 2.1. Suppose that eachc
Proof. Follows from the Implicit Function theorem [43] (see a proof by finite induction in the electronic supplementary material, Appendix S2.)
It is remarkable that the variables constituting q 1 n are typically called quasivelocities [20, 21, 44, 45] , the variables constituting q 2 n are sometimes called quasi-accelerations [20, 22, 37] as well as the variables in q 3 n can be referred as quasi-jerk [22] . Also, suppose that for some value of σ , for all β ≥ α ≥ σ , q β n = q β|α n . In this case, it is said that S n has trivial generalized variables above σ th-order. Definition 2.2. Let M be a multibody system and S n denote a subsystem of M . Choose some positive integer σ , and consider the following time derivatives, of the following invariants for 0 ≤ ρ ≤ σ :
Replace the q β|α in the invariants (2.7) by their parametric descriptions in terms of generalized variables q β using the result of lemma 2. 
The remaining non-degenerate invariants, which can be expressed as functions of time and generalized variables up to σ th-order from more than one subsystem, are called σ th-order generalized external constraint equations among the subsystems of M , and constitute a columnmatrix generically denoted byq
The constraint order ν • of system M is the smallest integer value of σ for which andq σ can be expressed asq
Note that the matrices all the matrices ∼ A n and ≈ A n are the same for every σ ≥ ν • . Also, assume, without any loss of generality, that subsystems S n of M are indexed by consecutive positive integers, i.e. n ∈ {1, 2, . . . , ν S }, and define the matrix A as follows: Example 2.4. Consider the planar 4-bar mechanism with revolute joints 'abcd' represented in figure 3 , constituted by two subsystems, denoted by S 1 and S 2 . Subsystem S 1 is an assembly of the bars ab, bc and cd connected by revolute joints and subsystem S 2 is the bar ad. If the bars are supposed to be rigid bodies (i.e. none of their geometrical dimensions change during their motion), positions of points a, b, c and d (geometric centres of the revolute joints) are enough to uniquely describe any possible configuration of both subsystems. In order to describe the motions that this system performs with respect to the bar ab, define a coordinate system C, whose 3 If some of the matrices ∼ A n or A are always singular (i.e. which are not full rank), no matter the values chosen for the generalized variables, then, it can be stated that some of the invariantsq σ n orq σ are redundant and must be eliminated in order to obtain corresponding matrices that are not always singular. origin coincides with a and whose orthonormal basis (x,ŷ) has the unit vectorx aligned with the longitudinal direction of ab as shown in figure 3 . Adopt, for describing the motions of S 1 (with respect to the bar ab), the following generalized coordinates: q
It can be noticed that no 0th-order generalized internal constraint equation is needed in S 1 , once the values of both θ b and θ c can be freely chosen. Also, suppose that for this subsystem, all the generalized variables are trivial above 0th-order. In this case, no generalized internal constraint equation are needed and it shall be considered that
To describe the motion of subsystem S 2 define q 0 2 = [θ a ], with θ a representing the counterclockwise measured angle between the longitudinal axis of bar ad and the direction defined by the unit vectorx, as shown in figure 3 . Thus, [r d|a ] C = [ ad cos(θ a ) ad sin(θ a )] T . Additionally, supposing that for this subsystem, all the generalized variables are trivial above 0th-order, it can be stated that no generalized internal constraint equations shall be defined for S 2 and it shall be considered that
To describe the constraints between subsystems S 1 and S 2 it is enough to guarantee that the descriptions of [r d|a ] in terms of θ a and in terms of θ b and θ c are equal, that is
14)
It can be stated that the 4-bar mechanism is a holonomic mechanical system whose constraint order is ν • = 1.
(2.15)
and
. (2.16) When no singularity occurs, the kernel of the corresponding matrix A has dimension 1. Thus, this 4-bar mechanism is a 1-d.o.f. system, i.e. ν # = 1. Consider the motion of the disc with respect to the plane. In order to describe this particular motion, define a coordinate system N with origin at a point o fixed in the plane and with an orthonormal basis (x,ŷ,ẑ) defined such thatẑ is normal to the plane pointing to the half-space where the disc rolls. Denote by N a reference frame rigidly attached to the plane and by D a reference frame rigidly attached to the disc. Define a coordinate system D rigidly attached to D with origin at d (centre of the disc) and an orthonormal basis (x * ,ŷ * ,ẑ * ) defined such thatẑ * is parallel to the disc axis. For subsystem S 2 define (figure 4) 
Suppose that S 2 has trivial generalized variables above 1st order. As S 2 is a rigid body, it is a 6 d.o.f. subsystem and once N q = 6, no constraint equations are needed. The constraints among the subsystems S 1 and S 2 are due to the contact between the disc and the plane. This contact can be expressed by one holonomic constraint equation relating coordinate z D with the angle φ D and the radius r D of the disc, and two non-holonomic constraint equations due to the fact that the ideal contact point c has null velocity (such a constraint is known as 'noslip', i.e. the disc is rolling without slipping). Thus, the following conditions must be satisfied in any motion performed by system D: 
The constraint order of this system is ν • = 1 and the nullity of the corresponding matrix A is equal to 3. Thus, ν # = 3, i.e. D is a 3-d.o.f. system.
(b) Variations of motion variables
Let v ρ n be a column-matrix of arbitrary variables which can be expressed as functions of time and generalized variables of S n up to the ρth-order, i.e. v Consider that in a particular time instant t * , values of q σ −1 n (t * ) are available, with σ ≥ ρ. In this case, it can be considered that δq α n (t * ) = 0 for all α, such that 0 ≤ α ≤ (σ − 1). Suppose that each δq α n is a class C σ −α function defined on some time interval in the neighbourhood of t * . In this case, the following Taylor series expansion can be adopted: 
Thus, equation (2.22) can be rewritten as
Finally, from equation (2.21) 
Particularly,
Proof. Once δq 
Denoting by ≈ q σ a column-matrix with exactly ν # entries whose values can be freely chosen, it can be stated that any variation δv ρ n (t * + ε) compatible with the constraints of system M can be given by
Proof. Analogously to the proof of proposition 2.6, calculating the variations of theq σ n of all subsystems S n and the variations ofq σ at t * results in Considering the matrix A defined in equation (2.12), it can be stated that the system of equations (2.34) can be rewritten as
Thus, obtaining a rank ν # matrix C satisfying the equation AC = 0, and defining a column-matrix ≈ q σ with exactly ν # entries, any δq σ (t * ) satisfying equation (2.35) can be expressed in the form δq σ (t * ) = C ≈ q σ (t * ). However, suppose that for each subsystem S n a matrix ∼ C n is already known, such that any δq
representing a ν # n entries column-matrix. In this case, the condition to be satisfied by the columnmatrices ∼ q σ n in order to obtain variations δq σ n which also satisfy the external generalized constraints among the subsystems of M is
Consider that there are matrices
Using the notation defined in (2.30), equation (2.37) can be rewritten in the form (2.31). Therefore, choosing any ν # rank matrix ≈ C satisfying equation (2.31), it can be stated that every variation δq σ n (t * ) compatible with all the constraints of system M can be expressed in the form δq
A methodology for the modular dynamic modelling
Let M be a ν # -degree-of-freedom multibody system constituted by a finite number ν S of multibody subsystems generically denoted by S n . Denote by ν • the constraint order of the system M and by ν # n the number of degrees of freedom of subsystem S n . Let f n represent a column-matrix of components of the so-called effective forces (torques) in S n , which represent the combined effect of inertial forces (torques) and active forces (torques). This latter category consists of all physical forces actuating in subsystem S n but the constraint forces (torques). Let v ρ n denote components of motion variables (displacements, velocities, angular velocities, accelerations, angular accelerations, etc.) measured with respect to an inertial reference frame N , which are associated to the respective components of effective forces (torques) f n and that can be parametrically described by functions of time and generalized variables of S n up to ρth-order, i.e. v [18, 32, 46] . However, it is important to notice that although most of the Analytical Mechanics formalisms are associated to the ρ = 0, 1 or 2 forms of the variational principle (3.1), this principle can be also applied for any ρ ≥ 3 whenever it is possible to ensure that δv 
Choose an integer σ , such that σ ≥ ν • and σ ≥ ρ, consider that in a particular time instant t * , values of q σ −1 (t * ) are available, so that δq σ −1 (t * ) = 0 and suppose that no singularity occurs in M at t * . Applying the result of proposition 2.6 in equation (3.2), multiplying by (σ − ρ)!/ε σ −ρ , with ε > 0, taking the limit ε → 0, and considering that the so obtained inequality has to remain valid if
3)
The ν # n entries of column-matrixd n are the dynamic invariants of subsystem S n with respect to ρth-order variational principle and σ th-order generalized constraint equations. 
Proof. Apply the result of proposition 2.7 in equation (3.1), multiply by (σ − ρ)!/ε σ −ρ , with ε > 0, and take the limit ε → 0. Thus, considering that the so obtained inequality is preserved even when
Using the definition ofd n from equation (3.3), (3.5) leads to (3.4).
The result presented in theorem 3.1 must be adequately interpreted. First of all, choose an integer σ such that σ ≥ ν • , σ ≥ ρ and that none of the dynamic invariants among all the subsystems S n depend on some generalized variable above σ th-order (i.e. no term in these invariants will depend on some q β n with β > σ ). Consider that the dynamic invariants of subsystem S n with respect to ρth-order variational principle and σ th-order generalized constraint equations are already known. The system of differential algebraic equations (DAEs) which describes any motion of subsystem S n when it is not constrained to any other subsystem is the following:
The initial conditions to be provided in order to solve the system of equations (3.6) are the values of the generalized variables of S n up to (σ − 1)th-order at some time instant t * , i.e. q σ −1 n (t * ). These values must identically satisfy all the generalized internal constraint equations of S n up to (σ − 1)th-order and must be compatible with the dynamic invariantsd n (i.e. must not impede their satisfaction in some time interval defined in the neighbourhood of t * ). It is worth noting that the dynamic invariantsd n can be obtained by other methods than the presented in equation (3.3) .
By theorem 3.1, it can be stated that, if the mathematical models (3.6) of all the subsystems S n in M are available, the system of DAEs which describes any motion of system M (compatible with all its constraints) is given bẏ
The initial conditions to be provided in order to solve the system of equations (3.7) are the values of the generalized variables of all subsystems S n up to (σ − 1)th-order at some time instant t * , i.e. q σ −1 (t * ). These values must identically satisfy all the generalized internal constraint equations of all subsystems S n and all the generalized external constraint equations of M up to (σ − 1)th-order and must be compatible with the dynamic invariantsd (i.e. must not impede their satisfaction in some time interval defined in the neighbourhood of t * ). Therefore, theorem 3.1 provides a general methodology for the modular modelling of multibody mechanical systems, using the (already known) mathematical model of each of their subsystems as starting point. The only information necessary to obtain the models of these complex systems are the constraints among their subsystems. Thus, the invariantsq σ and an expression for matrix ≈ C can be obtained, ending the modelling process. -m ij denoting the mass of bar ij. -I ij denoting the moment of inertia of bar ij with respect to an axis perpendicular to the plane of motion of the mechanism and passing through m ij . -γ ij (adimensional) satisfying the condition r m ij |i = γ ij r j|i .
-g denoting the magnitude of the local acceleration of gravity, which is equal to −gŷ. -u a denoting the actuator torque in the revolute joint centred at point a.
Suppose that bar ab and, consequently, coordinates system C remain fixed with respect to an inertial reference frame N . Considering these definitions and denoting by L n the Lagrangean function of subsystem S n expressed as a function of time, subsystem generalized variables and subsystem parameters, it can be stated that
Denoting by f n the column-matrix whose entries are non-conservative generalized forces, it can be stated that the Lagrange equations for subsystems S 1 and S 2 have the following form: 
Thus, the dynamic invariant of the 4-bar mechanism model is
Remark. Although in this example the dynamic invariantsd n of subsystems S 1 and S 2 were obtained by Lagrange's formalism, they could also be derived using equation (3.3) . Consider, for instance, subsystem S 2 and define v 0 2 = [x ad y ad θ a ] T , with r m ad |a = x adx + y adŷ , i.e. x ad = γ ad ad c θ a and y ad = γ ad ad s θ a . It can be stated that 2 2 ) T f 2 , it can be noticed that, as expected, the dynamic invariant obtained is equal to the presented in equation (3.12) . 
Thus, the dynamic invariants of system D are (with s ξ = sin ξ and c ξ = cos ξ ): System D, discussed in examples 2.5 and 3.3, is used as a model of bicycle wheels in the rederivation of the Whipple bicycle model presented in the electronic supplementary material, Appendix S1. Such a rederivation is used as a case study to illustrate the advantages of applying the methodology proposed in this section in the study of more complex multibody systems.
Conclusion
This paper presents a novel methodology for the modular modelling of multibody mechanical systems. In this new approach, once the dynamic equations of subsystems are available, it is 4 This particular matrix enough to obtain an orthogonal complement of a matrix, derived from the Jacobians of the invariants describing the constraints among these subsystems, to have the dynamic equations of the entire system. No constraint forces nor undetermined multipliers are necessary, even when non-holonomic constraints are present or descriptions with redundant variables are used. Also, the choice of variables does not need to be restricted to generalized coordinates, being possible to use quasi-velocities, quasi-accelerations and higher order generalized variables when convenient (a brief but complete coverage of this topic has been presented in this text). Moreover, each subsystem may have its dynamic equations obtained from a different formalism, but it will still be possible to use all of them in the derivation of a single model. Thus, the modular modelling methodology presented in this paper plays the role of an unifying approach which can be used as an alternative to overcome some of the barriers due to the use of proprietary computational tools in the studies of Multibody System Dynamics.
